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Problem 1.28

Prove that the curl of a gradient is always zero. Check it for function (b) in Prob. 1.11.

Solution

Evaluate the curl of a gradient explicitly.

∇× (∇f) =

(
3∑

i=1

δi
∂

∂xi

)
×

 3∑
j=1

δj
∂

∂xj

 f



=

(
3∑

i=1

δi
∂

∂xi

)
×

 3∑
j=1

δj
∂f

∂xj


=

3∑
i=1

3∑
j=1

(δi × δj)
∂

∂xi

∂f

∂xj

=
3∑

i=1

3∑
j=1

3∑
k=1

δkεijk
∂2f

∂xi∂xj

=
3∑

j=1

3∑
i=1

3∑
k=1

δkεjik
∂2f

∂xj∂xi
(Let i be j and let j be i.)
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Then verify it for f(x, y, z) = x2y3z4.

∇× (∇f) = ∇×
[
x̂

∂

∂x
(x2y3z4) + ŷ

∂

∂y
(x2y3z4) + ẑ

∂

∂z
(x2y3z4)

]
= ∇×

[
x̂(2xy3z4) + ŷ(3x2y2z4) + ẑ(4x2y3z3)

]

=

∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

∂
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∂
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∂
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2xy3z4 3x2y2z4 4x2y3z3

∣∣∣∣∣∣∣∣
= x̂

[
∂

∂y
(4x2y3z3)− ∂

∂z
(3x2y2z4)

]
− ŷ

[
∂

∂x
(4x2y3z3)− ∂

∂z
(2xy3z4)

]
+ ẑ

[
∂

∂x
(3x2y2z4)− ∂

∂y
(2xy3z4)

]
= x̂

[
(12x2y2z3)− (12x2y2z3)

]
− ŷ

[
(8xy3z3)− (8xy3z3)

]
+ ẑ

[
(6xy2z4)− (6xy2z4)

]
= x̂(0)− ŷ(0) + ẑ(0)

= 0
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